Abstract. By using the properties of convergence and global smoothness preservation of multivariate Weierstrass singular integrals, we establish multivariate complex Carleman type approximation results with rates. Here the approximants fulfill the global smoothness preservation property. Furthermore Mergelyan's theorem for the unit disc is strengthened by proving the global smoothness preservation property.
Remark. For m = 1 Theorem 1.2 becomes Carleman's result in [3] . Theorem 1.3 (Mergelyan [6] , or e.g., [5, p. 97] ). Let K ⊂ C be compact in C with C \ K connected and suppose f : K → C is continuous on K and analytic in K 0 . Then for any ε > 0, there exists an algebraic polynomial P such that |f (z) − P (z)| < ε, ∀z ∈ K. It is then natural to ask if there exist analogues of Theorem 1.1 for the cases of Theorems 1.2 and 1.3.
In this paper we give some answers to the above question.
Global smoothness preservation.
Let f be a function defined on R m with values in R.
and define the rth L s -modulus of smoothness over R m , 1 ≤ s ≤ ∞, by
Next we introduce the multivariate Jackson-type generalization of the Weierstrass integral:
First we present
Global smoothness preservation
where
Proof. First let s = 1. We obtain
Taking the absolute value, then integrating with respect to x over R m , and defining
Taking in (2) the absolute value, integrating and taking into account that by |h| ≤ δ it follows that
we finally obtain
For the case s = ∞, by using the relations (1) and (2) above, the reasoning is similar; this establishes the theorem. 
Proof. By making the substitutions x
If we replace now x ∈ R m by z ∈ C m , then obviously W p,n (f )(z) becomes an entire function, which proves the corollary.
(i) For any ε > 0 and any r ∈ N, there exists an entire function g: For p = 0 and m = 1, W p,n (f )(z) becomes the usual Weierstrass integral. In this case, easy calculations show that the order of W p,n (f )(z) is ≤ 2 if we suppose in addition that f is bounded on R.
2) For K = {z ∈ C; |z| ≤ 1}, consider the following operator attached to a function f , continuous on K and analytic on K 0 :
2 is the Fejér kernel.
First we prove that F n (f )(z) represents in fact the complex Fejér polynomials of degree n − 1, given by
Indeed, because f is analytic on K 0 , we can write
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On the other hand, if we set w = e iu/2 , then by the general formula sin α = (e iα − e −iα )/(2i), we get
Also writing e iu = t, we obtain 1
that is,
In general we have
Integrating with respect to u the product
where λ k > 0 for all k ∈ N, we immediately obtain
It is well known (see [5, p. 53] ) that complex Fejér polynomials satisfy the assertion of Theorem 1.3 when K is the unit disc. 
